2.5

0.

of given column vectors, in terms of systems of linear equations.)

Supposeuy, ug, - - - , Uy, v be column vectors with q entries, and U is the (pxq)-matrix given by U = [ ug | uz | --+ | uq
Then the statements (1), (o) are logically equivalent:—

Linear combinations from the point of view of systems of linear equations.
Assumed background.
e 1.5 Linear combinations.
e 2.4 Solving systems of linear equations.
Abstract. We introduce:—
« a necessary and sufficient condition, in terms of systems of linear equations, for a given column/row vector to
be a linear combination of a number of given column/row vectors, and
« amethod for systematically determining whether a given column/row vector is a linear combination of a number
of given column/row vectors, and finding a corresponding linear relation when it is.
. Recall the definition for the notion of linear combination for column vectors:
Let uy,ug,--- ,u, be column vectors with p real (or complex) entries.
Let v be a column vector with p real (or complex) entries.
We say v is a linear combination of uy,us,---,u, over the real (or complex) numbers if the statement
(LC) holds: Gotl. T Pnd
(LC') There exist some real (or complex) numbers a1, g, -« - , &g such that v = aquy + asuy + - - - + aguy. } ol xq S
The expression aju; + auy + -+ - + a4u, on its own is called the linear combination of the column vectors
uj, Uy, - ,u, with respect to the real (or complex) scalars a;, s, -+, aq. ({, Moj
The equality ‘v = ajuy + agug + - - - + aqu,’ is called a linear relation relating v with u;,us,--- ,u,. enst
Remark. For simplicity of presentation, we will omit the explicit reference to ‘real numbers’ or ‘complex numbers’.
As long as we are consistently thinking in terms of either types of numbers throughout, everything result and
argument will work out fine.
Also recall the result below, labelled Lemma (%), which describes a ‘dictionary’ between linear combinations of
column vectors and matrix-vector products:— e —
Lemma (*).
Let A be an (p x q)-matrix and t be a column vector with q entries.
Suppose that for each j =1,2,--- ,q, the j-th column of A is a; and the j-th entry of t is t;.
tq
to
(SoA=|a;|ay |- |ag Jandt=|.]|.)
ty
Then At = tia; +toag + - -+ + t,a,. ’ﬁ At . el Loty D’% the
> 15 e
: ion. | ' £ 1
Question G " v s L aal I th )’QW(
Suppose the column vectors uj,us, - - ,Uq, v with p entries are given to us in ‘concrete’ terms.
How to determine whether v is a linear combination of uj,us,--- ,uq or not? t
How do we approach this question? Scehws ,  EI Ly 'z .
Lemma (%) will be instrumental in answering this question.
With the help of Lemma (%), we are going to translate this question about a collection of column vectors into a
question about a system of linear equations determined by these columns vectors.
We can answer the latter question immediately and completely. Then with the help of Lemma (x) again, we will
translate the answer to the latter question back into a complete answer to the original question.
Answer to the question.
This is provided by Theorem (1) and Theorem (2).
Theorem (1). (Necessary and sufficient condition for a given column vector being a linear combination

]
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(t) v is a linear combination of uy, us,- - ,u with respect to scalars ay, g, - , .

(€51
Qo

(to) The system LS(U, v) is consistent\ with a solution
o
Remark. When we do not mention the «;’s, the conclusion in Theorem (1) gives:—

The statements (1), (1o) are logically equivalent:—

(1) v is a linear combination of uy, ug,-- -, u,.
(10) The system LS(U, v) is consistent.
5. With a purely logical consideration, we obtain Theorem (2) immediately from Theorem (1) as its corollary:—
Theorem (2). (Corollary to Theorem (1).)
Suppose uy,ug, -+ ,u,, v are column vectors with p entries, and U = [ ur | uz | --+ | ug ]. Then the statements
(~1), (~10) are logically equivalent:—
(~1) v is not a linear combination of ui,uy, - - , u,.

(~%0) The system LS(U, v) is inconsistent.

6. Proof of Theorem (1).

Let uy,ug,- -+ ,ug, v be column vectors with p entries, and U =[ ug |[uz | --- | ug ].

(a) Suppose the statement (1) holds:

v is a linear co u, with respect to scalars oy, g, -+, aq.

(€3]

Q2
[We want to deduce the statement (f¢): ‘The system LS(U, v) is consistent, with a solution | . |.’]

ol by e
By assumption, aju; + asug + - - - + Qguy = V. 4\ ;e

as wt = fu‘{uL )'-\(’Ll] \
Definet=| . |.
Ll - U
Then by Lemma (), Ut = aqyuy + agug + -+ + aquy =V 2oy e OH j
Therefore t is a solution of the system £LS(U, v). By definition, LS(U, v) is consistent.
Hence the statement (fo) holds.

(b) Suppose the statement (f) holds:

aq
as
The system LS (U, v) is consistent, with a solution
Qq
[We want to deduce the statement (}): ‘v is a linear combination of uy,us,--- ,u, with respect to scalars
Qp, G2, aaq"]
aq
Q2
Define the column vector t by t =
ay

By definition, v = Ut.
Then, by Lemma (%), v=Ut = aqu; + agug + - - - + agu,.
Therefore, by definition, v is a linear combination of u;, us,--- ,u, with respect to scalars aq, s, -+ , aq.

Hence the statement (1) holds.
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7.

Theorem (1) and Theorem (2), combined with what we know about solving equations, suggest an ‘algorithm’ for
determining whether a ‘concretely’ given column vector is a linear combination of a ‘concretely’ given collection of

column vectors. (A\ﬁb\f‘m’\k D’& gﬂbw\’ﬁ LS (A b_) )

‘Algorithm’ associated to Theorem (1) and Theorem (2).

Let uj,ug, -+ ,u4, v be column vectors with p entries. We are going to determine whether v is a linear combination
of u,uy, -+ ,uy, and to obtain a linear relation relating v with uy,uy,--- ,u, when it is: ye o Uir o MY
Step (1). Form the matrix U =[ uy |u2 | -+ | uq .

p (1) [y ] il o oo

Then form the augmented matrix representation C' = [ U | v | for the system LS(U, v). Go to Step (2).

Step (2). Obtain some row-echelon form C* which is row-equivalent to C. Go to Step (3).

Step (3). Inspect C* and ask:— AN . )
b Y ’ ' Gonsslom  ehmination s

b 2 Is the last column of C* a free column? . s | et e

p = = . =

LhSonGrsien

(_SI; M N no, then conclude that £LS(U, v) is inconsistent. S

cor~ 2.4 Further conclude that v is not a linear combination of u;, us,--- , u,. bieey
L PP A 1§ yes, then conclude that LS(U, v) is consistent. Cordnheti?"
o(,lgo LSVNPW Further conclude that v is a linear combination of u;, us,--- , u,. . B . s a

To obtain a linear relation relating v with u;, us, -+, ug, go to Step (4). ow. ﬂO«'(' =1
(21 ot

#
ko

8.

Step |

Stef 2 -

hich is row equivalent to C. Uﬂ€ﬂ///

Step (4). Further obtain from C* a reduced row-echelon form C’
# (_\__/_\___v\
") a
Q2

Read off from C” a solution of LS(U, v), say,
a

Conclude that v = aju; + agug + - - - + a4uy.
1ug + asuy qUq o '%M/{-b\ o Ve SMMT

Example (1). (Illustrations on the algorithm associated to Theorem (1) and Theorem (2).)

-7 —6 —12 —-33
(a) Letuy = | 5 |,ug=|5|,ug=| 7 |,v=] 24 |.
1 0 4 5
—

We want to determine whether v is a linear combination of uj,us,us, and to write down a linear relation
relating v with uy, us, us when it is. T~

* DefineU =] u; |uz|u3].

The augmented matrix representation of LS(U, v) is

7 —6 —12|-33 - (Wl V]
c=|5 5 7|24 ] = C [
1 0 4 5
We obtain a row-echelon form qi thic is row-equivalent to C" - [U\l l Ua | '“'{ l’(j ( VJ
C ~5R3t K- 7RS+R’| RyoR, [ ) _L:F — - 10 41 5 he
— v —2 T Jo_, .| ci=]0 1 —3|-1| _¢
¢ - 00 2|4 | in eange C= FM\IM‘MNJ

Stff =

step 4

Note that the last column of C* is a free column. Then £S(U, v) is consistent (and v is a linear combination
\’__\_/\ :

of ulau.27u3)' - - ) ) ThYV\GL -1.|/\ \'1\4)

(What is done next is to obtain a linear relation relating v’ with uj, ug, us.)

We further obtain from C* a reduced row-echelon form C’ which is row-equivalent to C:

-3

5

1 0 0
: C— i _>Cu_> ......... 5O = 01 0 )

T 0 01

m *
C’ is the augmented matrix representation of the system Fedutad. md . Chetn- &5\‘ o Oy, N

T2

. 6\
“ AN NS Ein . ot i

_3 , , .
A solution of £LS(U, v) is given by [ g 1 4_ A v (ge Sutron

Then v is a linear combination of uj, us, uz, with a linear relation given by v = —3u; + 5us + 2us.
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1 -1 2 -7 —23

3 —2 6 —18 —55
(b) Letu1: —4 , Ug = 3 , U3 = -7 , Uy = 23 , V= 73 |-
1 2 0 7 33

We want to determin ] i mbination of u,us, 13, uy, and to write down a linear relation
relating v with u, us, us,

St ) Define U =[ uy |uz | uz | uy J.
C() . The augmented matrix representation o i J
v
1 -1 2 —-7]-23
3 -2 6 —18|-55 .
C=|4 3 -1 23|13 | Stef 2

1 2 0 7 33

-L[A -l’ Coltaun
fep = o
1 -7 23

L-1 2 = s«
Oy et |0 1 0 3 (1 of
0 0 1 =-2]\-5
0 0 01 4 %’V 2 Coliom
(What is done next is to obtain a linear relation relating v with uy, us, us, uy.) e Oneorns

=) .
We further obtain from C* a reduced row-echelon form C’ which is row-equivalent to C: VoS
1 1 Corwh n ehov {
r_ |0 2
0 2 @ v o U

Sizf) ‘LT C—-iiieeens SNy O Ny

(' is the augmented matrix representation of the system

I =
T2 =

X3 =

Trgq4 =

=W N

1
A solution of LS(U, v) is given by g .
4

Then v is a linear combination of u;, us, us, uy, with a linear relation given by v =1-u; + 2us + 3uz + 4uy.

1 3 -2 3 21 0
2 _

(C) Letu1: 1 , Ug = g , U3 = _i,U4= 2 , Uy = gg , V= 8
—2 —6 3 —6 —42 1

We want to determine whether v is a linear combination of uy, us, us, uyg, us, and to write down a linear relation
relating v with ui, us, us, Uy, Us when it is.

Define U =[ uy |uz | uz | uy | us J.

The augmented matrix representation of LS(U, v) is

1 3 -2 3 21 |0
= 2 6 -3 5 38 |0
- 1 3 -4 6 33 |0
-2 -6 3 -6 —-42]1
We obtain a row-echelon form C* which is row-equivalent to C:
STEEI A
il 1 3 -2 3
00 1 -1
N op . C oy — =100 0 1
00 0 O

(AQ\\S\\‘C’V\ dfhf?\“—ﬁl)\'\g

Note that the last column of C¥ is not a free column. Then £LS(U, v) is inconsigitent.

—_—
Therefore v is not a linear combination of uy, us, us, uy, us.

1 1 1 1 1 4 olwmn
d) Let us — 1 _ 10 _ |1 _ 10 _ |0 Q\’\p
(d) Let u; = 3o U2= (g UW= | 4| W= [3]:V=|1]"

2 2 1 1 0
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We want to determine whether v is a linear combination of uy,us, us, uy, and to write down a linear relation
relating v with uy,us,us,uy when it is.

Define U =[ u; | uz | uz | ug |.

The augmented matrix representation of LS(U, v) is

11 1 1)1
10 -1 0]0
C=134 4 3|1
2 2 1 1|0

We obtain a row-echelon form C* which is row-equivalent to C:

1 1 1 1] 1
......... f_ |0 1 1 0)-2
C— “=10011|3
00 0 0|
Note that the last column of C*? is not a free column.
Then LS(U, v) is inconsistent.
Therefore v is not a linear combination of uy, us, us, uy.
1 3 1 -2 1 -3
I 1 3 2 -3 -3 —4
et up = 9 |U2= g |[-W=] 1|, W= |_9o,W= 10| V=|_3]|"
-1 -3 -3 1 -5 -1

We want to determine whether v is a linear combination of uy, us, us, Uy, us, and to write down a linear relation
relating v with ui, us, us, Uy, Us when it is.

Define U =[ u; |uz |uz |ug | us |.

The augmented matrix representation of LS(U, v) is

1 3 1 -2 1]-3
c-| 1 3 2 -3 -3 -4
=l 2 6 1 -2 10|-3

-1 -3 -3 1 -5]|-1
%l/-ﬁe ol G_(UAQ{( tha Fﬂkf

We obtain a row-echelon form C* which is row-equivalent to C':

0 =2
O o S S G

0 0 < m <T

Q
Q
=
|
SOoOO—
oo W
OO =
=
i
[\

Note that the last column of C* is a free column. Then £S(U, v) is consistent (and v is a linear combination
Of uj, Uz, u3, Uy, U5).
(What is done next is to obtain a linear relation relating v with uy, us, us, us, us.)

We further obtain from C* a reduced row-echelon form C’ which is row-equivalent to C'

1 300 9|0
C—s vt - C’ﬁ e — C/ — 8 8 é ? 2 %
0 00 0 0|0
(' is the augmented matrix representation of the system
X1 + 3502 + 9585 = O
T3 = 1
Ty + 4dxs = 2 ’
0 =0
3
A solution of LS(U, v) is given by _01
-2

Then v is a linear combination of uj,us, us, uy, us, ug, with a linear relation given by v.=1-u; +0-us +
3ug +2uy +0-us + 0 - ug.
Then v is a linear combination of uj, us, us, uy, us with a linear relation given by v = 3u; —1-us +0-uz — 2uy.
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9.

10.

0 0 2 3 5 -7 12
| 2 1 4 0 2 0
(f)Letu1= 9 , Ug = _4’113: _1,114: 3 , U5 = 27116: 1 , V= 5
3 —6 -1 5) 4 0 10

We want to determine whether v is a linear combination of u,us, us, Uy, Us, Ug, and to write down a linear
relation relating v with uj, us, us, uy, us, ug when it is.
Define U =[ u; |uz | uz | usg | us | ug |.
The augmented matrix representation of LS(U, v) is

0 0 2 3 5 —71]12
-1 2 1 -1 0 —-2]0
2
4

C=19 4 9 3 1|5
3 -6 -1 5 0 |10

We obtain a row-echelon form C* which is row-equivalent to C:

1 -2 110 210
s o o 1 12 235

C_) ......... —)0—00011—12
00 0 00 010

Note that the last column of C* is a free column. Then £S(U, v) is consistent (and v is a linear combination
of uy, uz, uz, ug, Uz, Ug).
(What is done next is to obtain a linear relation relating v with uy, us, us, us, us, ug.)

We further obtain from C* a reduced row-echelon form C’ which is row-equivalent to C':

1 =2 0 0 0 11
€y Chcv o= | 00T 0T 2
0 0 0 0 0 010
(' is the augmented matrix representation of the system
X1 — 2$2 -+ T — 1
I3 + x5 — 2.’b6 = 3
ry + X5 — Tg = 2
0 =0

A solution of LS(U, v) is given by

OONWO

Then v is a linear combination of uy, us, us, ug, us, ug, with a linear relation given by v =1-u; +0 - us +
SU3+2114—|—0-115+0-116.

Now also recall the result below, labelled Lemma (%), which describes a‘dictionary’ between linear combinations of
column vectors and that of row vectors:—

Lemma (%%). (‘Dictionary’ between linear combinations of column vectors and that of row vectors.)

Suppose v,uy,uy, - - - ,uq are column/row vectors with p entries, and aq, o, - -+ , aq are scalars.

Then the statements below are logically equivalent:

(1) The column/row vector v is a linear combination of the column/row vectors ui,us,--- ,u, with respect to
scalars o, ag, -+, 0.

t

(2) The row/column vector v* is a linear combination of the row/column vectors uf,uj,--- ,ul with respect to

scalars o, ag, -+, 0.

Combining Theorem (1), Theorem (2), and Lemma (xx), we obtain the result below:—

Theorem (3). (Necessary and sufficient condition for a given row vector being a linear combination
of given row vectors, in terms of systems of linear equations.)

Wi
W2

Suppose W1, Wa, - ,W,,Z are row vectors with g entries, and W = . Then the statements below hold:—

Wp
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(a)

(b)

The statements (1*), (13) are logically equivalent:—

(t*) z is a linear combination of W1, W, - -+ , W, with regard to scalars 51,02, - , Bp.

b1

(t5) The system LS(W*, z') is consistent, with a solution

By

The statements (~1*), (~1) are logically equivalent:—

(~1*) z is not a linear combination of Wi, Wa,- -+ , Wy,

(~13) The system LS(W', z') is inconsistent.

11. Example (2). (Illustrations on the application of Theorem (3).)

(a)

Letwy=[ -7 5 1 1],wo=[—-6 5 0 1], wg=[-12 7 4 1], z=[-33 24 5 4]
We want to determine whether z is a linear combination of w1, ws, w3, and to write down a linear relation
relating z with w1, ws, w3 when it is.

W1
Define W = | wa |.
W3

The augmented matrix representation of LS(W?¢, z!) is

-7 -6 —12| -33

5 5 7 | 24
C=11 0o 4|5
1 1 1 | 4

We obtain a row-echelon form C* which is row-equivalent to C:
1 0 4
g |01 =3|-1
C— v - 0 0 9
0 0 O 0

Note that the last column of C* is a free column. Then LS (W?, z*) is consistent (and z is a linear combination
Of Wi, W2, Wg).
(What is done next is to obtain a linear relation relating z with wy, wa, ws.)

We further obtain from C* a reduced row-echelon form C’ which is row-equivalent to C':

1 0 0|-3
C—s i — C’ﬁ ey — C’/ = 8 (1) (1) g
0 0 0] O
C" is the augmented matrix representation of the system
X1 = —3
To = 5
r3 = 2
0 = 0
-3
A solution of LS(W*, z') is given by | 5 |.
2
Then z is a linear combination of wi, wo, w3, with a linear relation given by z = —3wy + bwo + 2wg.

Letwiy=[1 1 3 2 0],wo=[1 04 2 2] wg=[1 -1 4 1 4], wy=[1 0 3 1 2],
z=[1 0 1 0 1]

We want to determine whether z is a linear combination of w1, ws, W3, Wy, and to write down a linear relation
relating z with w1, wo, W3, W4 when it is.

Wi

W2

W3

Wy

Define W =




The augmented matrix representation of LS(W?, zt) is

Q
I
ON W=
NN O
|
plkb—wb)_‘»—l

= WO

We obtain a row-echelon form C* which is row-equivalent to C:

Q

.

|

Q

|
coocor

Note that the last column of C* is not a free column.
Then LS(W, z') is inconsistent.

Therefore z is not a linear combination of wy, wo, W3, Wy.

OO O

RO, OF

OO

OO OR

—ool =
orw



